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Abstract. Let ),( EVG   be a simple finite undirected graph.  A subset S of V(G) is called an equivalence 

set if every component of the induced sub graph S  is complete. A graph G is an equivalence graph if every 

component of G is complete. A sub set S of V(G) is called a complementary equivalence dominating set of G if 

SV   is an equivalence set of G and S is a dominating set of G. The minimum cardinality of a c-e-d set of 

G is denoted by )(G
ec

 . A subset S of V(G) is called a secure complementary equivalence dominating set of 

G if S is a complementary equivalence dominating set, and for any SVv  there exist Su   such that 

}{}){( vuS   is a complementary equivalence dominating set of G. The minimum cardinality of a secure 

complementary equivalence dominating set of G is called the secure complementary equivalence domination 

number of G and is denoted by )(Gec

se

 . In this paper, complementary equivalence domination is combined 

with security. Several results concerning secure complementary equivalence domination are derived. Further 

proper color partition and equivalence class partition may also be combined with security. Results involving 

these concepts are also  derived. 

Keywords: Complementary equivalence domination, Secure domination, Secure complementary equivalence 

domination. 

 

I. INTRODUCTION. 
E.J.Cockayne  et al [5]introduced the concept of secure domination. A sub set S of G is called a secure 

dominating set of G if S is a dominating set of G and for any vertex SVu  , there exists a vertex Sv  ,  

such that }{}){( uvS  )is a dominating s. A subset S of V(G) is called an equivalence set if every 

component of the induced sub graph S  is complete. A graph G is an equivalence graph if every component 

of G is complete. A sub set S of V(G) is called a complementary equivalence dominating set of G if SV   

is an equivalence set of G and S is a dominating set of G. The minimum cardinality of a c-e-d set of G is 

denoted by )(G
ec

 . A subset S of V(G) is called a secure complementary equivalence dominating set of G if 

S is a complementary equivalence dominating set, and for any SVv  there exist Su   such that 

}{}){( vuS   is a complementary equivalence dominating set of G. The minimum cardinality of a secure 

complementary equivalence dominating set of G is called the secure complementary equivalence domination 

number of G and is denoted by )(Gec

se

 .  In this paper, complementary equivalence domination is combined 

security. Several results concerning secure complementary equivalence domination are derived. Further proper 

color partition and equivalence class partition may also be combined with security. Results involving these 

concepts are also derived. 

 

II. SECURE COMPLEMENTARY EQUIVALENCE DOMINATION 
Definition 7.1. Let G = (V,E) be a simple finite undirected graph. A subset S of V(G) is called a secure 

complementary equivalence dominating set of G if S is a complementary equivalence dominating set, and for 

any SVv  there exist Su   such that }{}){( vuS   is a complementary equivalence dominating set 

of G. The minimum cardinality of a secure complementary equivalence dominating set of G is called the secure 

complementary equivalence domination number of G and is denoted by )(Gec

se

 . 

Secure complementary equivalence of  domination set is super hereditary. 
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Example 2.2. 

1. Let nKG  . Any single vertex Kn is a secure complementary equivalence dominating set and hence 

1)( 
nKec

se . 

2. Let nKG ,1 . The set containing the central vertex and pendent vertex of K1,n is a secure complementary 

equivalence dominating set and hence 2)( ,1 

n

ec

se K . 

3. Let nmKG , . Let nm  . Let V1 and V2 be the partite sets of G. Let mV 1
 and nV 2

. 

Let },...,,{ 211 muuuV   and },...,,{ 212 nvvvV  . Let }{ 11 vVS  . Then S is a dominating set, 

},...,,{ 21 nvvvSV   is an equivalence set. Therefore S is a complementary equivalence dominating set. 

For any vi ni 2 in V-S, there exist v1 in S such that }{
1

}{})
1

{( ivVivvS  is a complementary 

equivalence dominating set. Therefore S is a secure complementary equivalence dominating set. 

1 mS . 

Clearly S is of minimum cardinality. 

Therefore  1},min{1)( ,  nmmK nm

ec

se  

4. Let nCG  . Then  






















5n  if 3

7nodd, isn  fi 
2

1n

even isn  if 
2

)(

n

Cn

ec

se  

5. Let  nPG   . Then 






















5n  if 2

7nodd, isn  fi 
2

1n

even isn  if 
2

)(

n

Pn

ec

se  

6. Let nWG  . Then   
























4 n  if 1

5n  if 

even isn  fi 
2

n

7nodd, isn  if 
2

1

)(

n

Wn

ec

se  

Remark 2.3. Since secure complementary equivalence dominating set is super hereditary, a secure 

complementary equivalence dominating set S is minimal iff }{uS  is not a secure complementary equivalence 

dominating set for every Su  . 
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Theorem 2.4. Let S be a secure complementary equivalence dominating set . S is minimal iff for every 

Su one of the following holds. 

i). ],[ Supn . 

ii). }{)( uSV  is not component wise complete. 

iii). For some })){(( uSVv  ,there exist no }{uSw  such that }{}){}{( vwuS  is  a 

complementary  equivalent dominating set.  

Proof. Suppose condition (i) holds. 

Then }{uS   is not a dominating set. Suppose condition (ii) holds.  Then }{uS  is not a 

complementary equivalence set. Suppose condition (iii) holds. Then }{uS   is not a secure complementary 

equivalence dominating set. Therefore S is a minimal complementary equivalence dominating set. 

Conversely, Suppose S is a minimal secure complementary equivalence dominating set. Then for any Su , 

}{uS   is not a secure complementary equivalence dominating set. If }{uS  is not a dominating set then 

],[ Supn .  

Therefore (i) holds. 

Suppose  }{uS  is a dominating set but not a complementary equivalence set. Then }{)( uSV   

is not an equivalence set. Therefore (ii) holds. 

Suppose }{uS   is a complementary equivalence dominating set. Then }{uS  is not a secure complementary 

equivalence dominating set. That is for some }){( uSVv   there exists no }{uSw   such that 

}{}){}{( vwuS  is not  a complementary equivalence dominating set. That is condition (iii)  holds. 

 

Theorem 2.5.  A maximal independent set whose complement is an equivalence set is a 

complementary equivalence dominating set. 

Proof. Let S be a maximal independent set such that V-S  is an equivalence set. Let SVv  . 

Suppose v is  not dominated by S. Then }{vS  is independent and }){( vSV  is component wise 

complete. This contradicts the fact that S is a maximal independent set with V-S being an equivalence set. 

Therefore S is a dominating set whose complement is an equivalence set. That is S is a Complementary 

equivalence dominating set. 

 

Remark 2.6. A maximal independent set whose complement is an equivalence set  need not be a 

secure dominating set. For example, when 5CG  with },,,,{)( 54321 uuuuuGV  , },{ 31 uu is a maximal 

independent set whose complement is an equivalence set. But },{ 31 uu is not a secure dominating set. 

 

Theorem 2.7. 1)(  Gec

se  iff nKG   

Proof. Let 1)(  Gec

se . Then there exist a vertex u such that {u} is a dominating set. Therefore {u} is 

adjacent  with every vertex of G-{u}. Since {u} is a secure dominating set, for any }{uVv  , {v} is a 

dominating set. That is v is adjacent to every vertex of G-{v}. Therefore every vertex of G is a full degree 

vertex. That is G is complete.  

The converse is obvious. 

 

Definition 2.8. If S is a subset of V(G) and if for any Su  if u satisfies conditions (i), (ii) or (iii) of 

Theorem 7.4, then S is called a sce-irredundant set of G. 

 

Theorem 2.9. sce-irredundance is hereditary. 

Proof. Let S be a subset of V(G) such that S is sce-irredundant. Let T be a subset of S, ST   . Let 

Tx . Therefore Sx . Suppose x satisfies (i). Then ],[ Sxpn . That is either x is an isolate of S or 

x has a private neighbour in V-S. Therefore x is an isolate of T or x has a private neighbour in V-T. Therefore 

],[ Sxpn . Suppose x satisfies (ii), that is }{)( xSV   is  not component wise complete. Suppose 

}{)( xTV  is component wise complete. Then }{)( xSV  being a subset of }{)( xTV   
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is component wise complete, a contradiction. Therefore }{)( xTV   is not component wise complete. 

Suppose x satisfies condition (iii). That is for some  })){(( xSVv  there exists no w in S-{x} such 

tht }{}){}{( vwxS  is a equivalence dominating set.  

Since ST


, })){((})){(( xSVxTV  . Therefore })){(( xTVv  . Since 

there exists no w in S-{x}, such that }{}){}{( vwxS   is a complementary equivalence dominating 

set of G, }{xTw  . }{}){}{( vwxT  is not a dominating set of G. Suppose 

}{}){}{( vwxS   is not a complementary equivalence set, then  

}){}){}{(( vwxSV   is not component wise complete. Then 

}){}){}{(( vwxTV   is not component wise complete. For otherwise 

}){}){}{(( vwxSV  being a subset of }){}){}{(( vwxTV   is component 

wise complete, a contradiction. Therefore, for some  }){( xTVv  , there exists no }{xTw 

such that }{}){}{( vwxT   is a complementary equivalence dominating set. Hence sce-

irredundance is hereditary. 

 

Remark 2.10. A sce-irredundant set is maximal if and only if it is 1-maximal. 

Definition 2.11. The minimum (maximum) cardinality of a maximal sce-irredundant set of G is called the 

minimum(maximum) sce-irredundance number of G and is denoted by ir-sce(G) (IR-sce(G)).  

Theorem 2.12. A minimal secure complementary equivalence dominating set of G is a maximal sce-irredundant 

set of G. 

 

Proof. Let S be a minimal secure complementary equivalence dominating set of G. Therefore S is a 

sce-irredundant set of G. Suppose S is not a maximal sce-irredundanr set of G. Therefore there exists a vertex v 

in V-S such that }{vS  is a sce-irredundant set of G. Therefore either  }]{,[ vSvpn , in which 

case, there exists a vertex }){( vSVw   such that w is a private neighbour of v with respect to 

}{vS  . That is either v is an isolate of S or w is adjacent with v only in }{vS  . That is w is not 

adjacent with any vertex of S, a contradiction, since S is  a dominating set. Suppose 

}{}){(( uvSV  is not component wise complete where }{vSu  . Therefore 

}{}){(( vvSV  is not componentwise complete. That is V-S is not componentwise complete, a 

contradiction. Since S is a complementary equivalence set of G. Suppose for some 

}){}){(( uvSVw  , there exists no }{}){( uvSz  such that 

}{}){}{}{( wzuvS  is complementary equivalence dominating set where }{vSu  . 

Taking u = v, we get that for some SVw  , there exists no Sz such that }{}){( wzS  is a 

complementary equivalence dominating set of G. Therefore S is a maximal sce-irredundant set of G. 

 

Remark 2.13. From the above theorem, we get , )()()()( GIRGGGir
sce

ec

se

ec

sesce
  . 

Remark 2.14.  
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Let },,,,{
108642

uuuuuS  . S is a secure  equivalence dominating set of  G. S is also a minimal secure 

complementary equivalence dominating set of G. Therefore S is a maximal sce-irredundant set.  

Let },,,{
9832

uuuuT  . Clearly T is a maximal sce-irredundant set of G. Therefore 4)( Gir
sce

 and 

5)(  Gec

se
 . Therefore )()( GGir ec

sesce

 . 

 

III. SECURE EQUIVALENCE CHROMATIC PARTITION 

Definition 3.1. A partition },...,,{
21 k

VVV is called a secure equivalence partition of G is each 

Vi is a secure equivalence set of G. This partition is briefly called se-partition of G.  

Remark 3.12. If },...,,{)(
21 n

uuuGV  then }}{},...,{},{{
21 n

uuu is a secure 

equivalence partition of G. 

secure equivalence chromatic number of G and is denoted by )(G
se

 . 

)(G
se

  for standard graphs: 

1. 1)( 
nse

K . 

2. 1)( 
nse

K . 

3. 1)( G
se

 if G is an equivalence graph. 

4. 
















even isn  if 1
2

n

odd isn  if 
2

1

)( ,1

n

K nse  

5. Let nm  . Then  
















parity same  theof aren  and m if 
2

nm

parities opposite of aren  and m if 
2

1

)( ,

nm

K nmse  

6. 2)( 
nse

P  

Proof.If },...,,,{)(
321 nn

uuuuPV  then 

},,...,,,,,,{},,,...,,,,{{
112118753236521 nnnn

uuuuuuuuuuuuuu


  is a se-partition of  Pn  if 

n is even, and },,,...,,{},,,...,,{{
34431221 nnnnn

uuuuuuuuu


 is  se-partition  of Pn  if n is odd.  

7. 2)( 
nse

C  

Proof.If },...,,,{)(
321 nn

uuuuCV  then 

},,...,,,,,,{},,,...,,,,{{
112118753236421 nnnn

uuuuuuuuuuuuuu


 is a se-partition if n is 

even, and },...,,,,,,{},,,...,,,,{{
12118753126421 nnn

uuuuuuuuuuuuu


 is  se-partition if n is 

odd.  
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8. 

















6n if 3

5n  if 2

4n if 1

)( nse W  

9. 1
22

)(
,




















sr
D

srse
  

10. )(P
se

 3 where P is the Petersen graph.  

Remark 3.13 1)( G
se

 if and only if G is an equivalence graph. 

Theorem 3.14 nG
se

)( for any graph G of order 1n . 

Proof. Suppose G has k isolates, 2k . Then any set of two isolates form a secure equivalence set and hence 

nG
se

)( . Su1ppose G has exactly one isolate. Let 3n . Then the other vertices of G(of cardinality 

greater than or equal to 2) has a K2  and hence nG
se

)( . If n = 2 then 1)( G
se

 . Suppose G has no 

isolates. Let  3n . Then G contains a K2 which is a secure equivalence set of G. Therefore nG
se

)( . 

If n = 2 then 1)( G
se

 . 

Theorem 3.15. 1)(  nG
se

  if and only if 
22123

,,, KKKKPG  . 

Proof. Suppose  3)(  rG . Then  1)( nG
se

 . Therefore 1)(  nG
se

 , then 

2)( G . If 3)(
0

 rG  then 1)( nG
se

 . Therefore if 1)(  nG
se

 then 

2)(
0

G . If 2)( G then 
123

Kor KPG  . If 1)( G then 
n

KG  . Then 

1)(  nG
se

  if n = 2. Therefore if 1)(  nG
se

  then  
22123

,,, KKKKPG   

The converse is obvious.  

Remark 3.16. Let G be a graph with kG
se

)( . Let },...,,{
21 k

VVV be a secure 

equivalence partition of G. If Vi and Vj do not have any edge between them, then 
ji

VV  is an equivalence 

class which is also secure. Therefore 1)(  kG
se

 , a contradiction. Therefore  for any  i,j, 

kjiji  ,1, , Vi and Vj have an edge between them. 

Remark 3.17.  Let },...,,{
21 k

VVV  be a secure equivalence partition of G of cardinality )(G
se

 . 

Suppose every vertex of Vi is not adjacent with some vj, ij  . Then the vertices of Vi can be attached to other 

classes which also remain secure after attachment. Hence we get  kG )( , a contradiction. Therefore there 

exist a vertex of Vi which is adjacent with every class Vj, kjiji  ,1, . 

 

IV. SECURE CHROMATIC PARTITION 
Definition 4.1 A secure proper vertex color partition of a graph G is a partition 

},...,,{
21 k

VVV where each Vi is independent and secure. The minimum cardinality of such a partition is 

called secure chromatic number of G and is denoted by )(G
s

 . 

Clearly )()( GG
s

  . 

Remark 4.2.  

i). nK
ns
)( . 

ii). 1)( 
ns

K  

iii). 1)(
,1

 nK
ns

 . 

iv)  nmK
nms

)(
,
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v)    3)( 
ns

P  

Proof. Let  },...,,,{)(
321 nn

uuuuPV  .  

when n =3k, },...,,,}{,...,,,{},,...,,,{
39631385223741 kkk

uuuuuuuuuuuu


is a secure chromatic 

partition of  Pn. 

When n = 3k+1, },...,,,}{,...,,,{},,...,,,{
39631385213741 kkk

uuuuuuuuuuuu


is a secure chromatic 

partition of Pn. 

When n = 3k+2, },...,,,}{,...,,,{},,...,,,{
39632385213741 kkk

uuuuuuuuuuuu


 is a secure 

chromatic partition of Pn. 

vi)  

















8n 3), 2(modn if 5

4n3), 1(modn if 4

3n3), (mod0n if 3

)(
ns

C . 

vii) 4)(
5
C

s
 . 

viii) nW
ns
)(  

ix)  10)( P
s

  where P is the Petersen graph. 

x)    sr if 2)(
,

 sD
srs

 . 

Remark 4.3. )()( GG
se

  . That is )()}(),(max{ GGG
sse

  . 

 

Observation 4.4  

i. Any two elements of a 
s

 partition of G have an edge between them. 

ii. In a 
s

 -partition, every class contains an element which is adjacent with every other class of the partition. 

Remark 4.5 )()()(),()()( GGGGGG
sbs

  . 

Remark 4.6. Any 
s

 -partition of G can be modified into a 
s

 -partition such that there exists a class which is 

a maximal independent dominating set of G. 

Theorem 4.7. If a and b are positive integers such that ba2 then there exists a graph G such that 

aG )(  and bG
se

)( . 

Proof. Given 2a . Let 
1,1 


bba

KKG . 

aG )(  and bbG
se

 11)( . 

Remark 4.8. If a =1, then G is 
n

K for some n in which case 1)( G
se

 . 

Observation 4.9. If G is a cycle of even order then 2)()(  GG
se

 .If G is an odd cycle then 

1)()(  GG
se

 . 

Observation 4.10. There is no relationship between )(G  and )(G
se

  for when 2n . 

nK
n
)(  and 1)( 

nse
K .when n is odd, 2)( and 3)(

se


nn
CC  . 

When m and n are even and 6 nm then 3
2

)( and 2)(
,se,





nm

KK
nmnm

 . 
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